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Abstra
t. The theory of a

retion and a

retion dis
s takes a 
entral pla
e in the modern

astrophysi
s. The main aim of our resear
h is based on the exploration of the a

retion

�ow dynami
s through the appli
ation of theoreti
al and observational methods in 
ompa
t

obje
ts. The appli
ability of hydrodynami
al (HD) and magnetohydrodynami
al (MHD)

models and simulations on the study of a

reting astrophysi
al obje
ts evolution is analyzed.

We develop numeri
al and analyti
al models to investigate the emergen
e of instability, wave

propagation and stru
ture formation in non-stationary a

retion �ows. A model able to

provide the transition of 3-Dimensional turbulen
e to 2-Dimensional one is also proposed.

The results show that during the evolution pro
ess, the a

reting �ow undergoes stru
tural

transformations and then they 
ould be responsible for some known observational e�e
ts.
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Introdu
tion

We present our re
ent results on the dynami
s and stru
ture of a

reting �ow

in astrophysi
al matter. The resear
h 
on
erns the astrophysi
al obje
ts, su
h

as: Close Binary Stars (CBSs) with a

retion dis
s and A
tive Gala
ti
 Nu
lei

(AGN). Around the massive bla
k holes in these obje
ts, there are dis
s that


annot be 
ooled e�
iently, be
ause the release of energy in them is mu
h

faster than the speed of its transformation into radiation. Flows in adve
tive

dis
s are non-stationary (Chen et al. 1997) by nature. The time of in�ow is

short and the dissipation works faster than the di�usion. The dis
 
annot emit

all the released energy. Some of it is 
onverted into heat and remains inside

the dis
.

Adve
tion alters the balan
e in the dis
 (Beloborodov, 1999; Bisnovatyi-

Kogan, 1998) and it leads to a new kind of a steady-state, but this steady-

state is not an equilibrium. Adve
tive a

retion �ows, in parti
ular, are divided

into two types (Beloborodov, 1999; Bisnovatyi-Kogan, 1998; Bisnovatyi-Kogan,

1999; Chen et al. 1997; Narayan et al., 1997; Narayan & Yi, 1995): opti
ally

thi
k and opti
ally thin �ows. The adve
tion in the opti
ally thi
k dis
 takes

pla
e with higher a

retion values and smoothes out the thermal instability.

The adve
tive �ow 
aptures the radiation and brings it to the smaller radii

along with the �ow (Chen et al. 1997; Narayan & Yi, 1995). In an opti
ally

thin dis
 high-temperature maintains the ion-pressure high, and thus provides

strong vis
osity. Be
ause of the low density, it is di�
ult to transmit the energy

released to the ele
trons. Thus, the dis
 
annot be 
ooled e�e
tively by the

radiation. The main energy remains in the a

retion �ow and in
reases the

e�e
tive temperature Te, whi
h 
ould 
ause the adve
tion to appeare in these

dis
s (Bisnovatyi-Kogan & Lovela
e, 2002).

Vorti
es play a key role in the a

retion dis
 dynami
s, be
ause they are


onsidered as an e�
ient me
hanism of angular momentum transportation
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(Baran
o & Mar
us, 2005). At present, there are many hydrodynami
s numer-

i
al studies dedi
ated to the way of appearan
e of vorti
es and their behavior

in the �ow. Shen et al. (2006) examine the formation of 2D vorti
es start-

ing from 2D turbulen
e in fully 
ompressible simulations. Barran
o & Mar
us

(2005) 
ompute the evolution of 3D vorti
es and show that part of the vorti
al

formations 
ould be destroyed, but the other part survive for several hundreds

of orbits.

By performing a series of runs with zero initial vorti
ity and perturbation

wavelengths, Johnson and Gammie (2006) give a very realisti
 way of the

initial vorti
ity generation. They have noted that the remaining vorti
ity 
an be

generated from "�nite-amplitude 
ompressive perturbations". They also give

an interesting resear
h in (Johnson & Gammie, 2005), where they argue that

the vorti
es are "long-lived" assuming the formations 
ould not be 
onserved

in 3D 
al
ulations.

The results of our paper demonstrate how the patterns evolve in studying

astrophysi
al dis
s. An e�e
t of their lo
al development in the inner dis
's

stru
ture 
on�guration is shown. The aim of our theoreti
al resear
h is to tra
k

the evolution and to interpret the me
hanisms of the high energy behavior of

sour
es, su
h as: CBSs and AGN.

1. The ba
kground of the problem: Basis and methods.

1.1. Magnetohydrodynami
al (MHD) approximation

The basi
 equations of magneto-hydrodynami
s for non-stationary and non-

axisymmetri
al a

retion �ows are investigated. We have developed a new

model of the a

retion dis
's magnetohydrodynami
s, based on some spe-


i�
 adve
tive hypothesis, presented in (Yankova, 2013) and des
ribed in the

subse
t-ion below. We 
onstru
ted geometri
ally thin, opti
ally thi
k, one-

temperature Keplerian dis
 in a normal magneti
 �eld, around a bla
k hole.

The results of the model, given in detail in (Iankova, 2007; Iankova, 2009;

Iankova & Filipov, 2010), allow us to: observe the evolution of the dis
; in-

vestigate the emergen
e of the dis
's instability; study the generation of its


orona.

Adve
tive hypothesis. Many authors, among them (Bisnovatyi-Kogan, 1998;

Bisnovatyi-Kogan, 1999; Bisnovatyi-Kogan & Lovela
e, 2002; Hawley & Bal-

bus, 2002; Igumensh
hev & Abramovi
h, 2000), have 
onsidered adve
tive-

dominated sub- and super-Eddington �ows. The more popular models suggest

a �ow deformation, su
h as: 1) rotation of the velo
ity ve
tor - in the form of

a sharp in
rease in the radial velo
ity and a signi�
ant de
rease of the orbital

velo
ity to sub-Keplerian values; 2) orbital adve
tion for low magneti
 dis
s,

where the maximum speed of sound is dominated by the Keplerian rotation

(Fabian et al. 2012).

In our resear
h, in 
ontrast to these models, we provide the adve
tion in

the form of the 
omplete adve
tive term, whi
h is naturally produ
ed in the

equations des
ribing the �ow dynami
s. To explain our hypothesis, we trans-

form the left part of the model equation of motion in a form derived from

Iankova (Iankova, 2007). This yields the next expression:
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∂ (ρvi)

∂t
+

∂

∂xj
(ρvivj) = ρ

(

∂vi

∂t
+ vj

∂vi

∂xj

)

= ρ
Dvi

Dt
(1)

Here v is the �ux velo
ity; ρ - mass density; xi is the spatial 
oordinate and

operator

D
Dt

de�nes a 
omplete adve
tive term. So, the result of this transfor-

mation shows that there is not any in
rease of the radial velo
ity. In fa
t, the

form of the 
omplete adve
tive term doesn't indi
ate the individual modi�
a-

tion of one or the other of the velo
ity 
omponents. This means that a shifting

arises of the average �ow with velo
ity vi in any dire
tion.

In a 
ase, when the adve
tion is non-dominant me
hanism, there isn't a 
on-

dition for any �ow deformations. The full adve
tive term transfers the solution

as a whole. In 
ontrast to the other models, (although they 
an be 
onsidered

as parti
ular 
ases), no rotation or lengthening of the velo
ity ve
tor appears

here. The physi
al meaning of the ve
tor's rotation in models with radial ad-

ve
tion, see (Beloborodov, 1999; Bisnovatyi-Kogan, 1998; Bisnovatyi-Kogan,

1999; Chen et al., 1997; Narayan et al., 1997; Narayan & Yi, 1995), is that

the a
tion of

∂vi
∂t

is ignored. An orbital adve
tion, by (Fabian et al. 2012), is a

superposition of an orbital speed ve
tor that is added to the Keplerian velo
ity.

At this type of adve
tion, the nature of the pro
ess requires the linearization

in the model equations.

In the powerful gravitational �eld of the bla
k holes, the adve
tion of a

"
omplete term" type (see the equation above) has the highest rate of proba-

bility to arise. During the dis
's development in a normal dipole �eld, the term

BrBϕ of the equation of motion 
reates the 
onditions for the radial adve
tion

(Campbell et al.1998) in the �ow. Thereby, we 
an unambiguously determine

the dire
tion of the dis
's middle �ow displa
ement. A radial pulling into a

bla
k hole with 
omplete adve
tion 
an lead the in�ow speed to about the half

of the free fall rate, without any weakening of the orbital rotation. In fa
t,

exa
tly the opposite is true, when the redistribution of the momentum in a

dipole �eld is a

elerating the rotation. Then, the vis
ose and dynami
 time-

s
ales are 
omparable and they are shorter than the thermal s
ale. This way,

the 
ooling pro
ess be
omes ine�
ient. The above des
ribed 
onditions give

rise to the self-indu
ed adve
tion a
tivity.

As it brings the �ow to the new orbit, the adve
tion 
an only indire
tly 
on-

trol the velo
ity 
omponents. The orbital velo
ity is Keplerian again, be
ause

the �ow does not 
hange its nature in the 
ase of su
h a pa
ket transfer. The


hanges in the orbital rate re�e
t to the other velo
ity 
omponents 
oherently,

be
ause of the "
omplete term" type of adve
tion.

The adve
tion in similar 
onditions 
an work for relatively lower temperatu-

res in the outer regions of the dis
. The earlier adve
tion appearan
es guarantee

that the �ow will remain opti
ally thi
k at the temperatures of �rst and se
ond

orders, whi
h is higher than the normally a

epted one. In the heat balan
e

equation, the adve
tion works in the same way - it extra
ts the heat to the

dis
's 
entre and provides the energeti
 stru
tural formation at small radii. The

main results of the model are shown in (Iankova, 2007; Iankova, 2009; Iankova

& Filipov, 2010; Yankova, 2013).
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1.2. Hydrodynami
al (HD) approximation

The essen
e of physi
al pro
esses in the intera
ting �ows allows employment

of gas-dynami
s equations. We apply the basi
 equations in a form that have

been suggested and a�rmed by many authors: (Clark & Carswell, 2007; Frank

et al., 2002; Graham, 2001; Shu, 1992). We have modi�ed the parameters par-

tially and thereafter the equations are presented in their appli
able form in

(Boneva & Filipov, 2012). They are as follows: equation of mass 
onservation,

Navier-Stokes equations, energy balan
e equation, equation of state for 
om-

pressible �ow and vorti
al transport equation. We employ the vorti
al transport

equation, be
ause of its relation to the examination of transfer's me
hanisms

in the �ow. This equation 
ould be derived in the following 
ommonly used

way, as it has been done by Nauta (2000), Lithwi
k (2007), Godon (1997).

The idea was initially proposed by (Klahr & Bodenhiemer, 2003). If the 
url

of Navier-Stokes equations is 
onsidered, and the next expressions are used:

Ψ = ∇× v - expressing the vorti
ity in the �ow; (v.∇) v = ∇v2

2
− (v × Ψ) and

(

∂Ψ
∂t

+ v.∇
)

1

ρ
= ∇ρ×∇P

ρ3
; then the following expression is obtained:

∂Ψ

∂t
+ Ψ (∇.v) + (v.∇)Ψ = −

∇p×∇ρ

ρ2
+D∇2Ψ (2)

Here Ψ is the vorti
ity; D is the di�usion 
oe�
ient (or matrix of the

transport 
oe�
ient).

This equation expresses the relation between the transport 
oe�
ient, whi
h

takes part in the angular momentum transfer, evolution of the vorti
ity with

time and the non-
onserve relationship between density and pressure in the

�ow. Non-
onservan
y of spe
i�
 vorti
ity by ea
h �uid element is observed in

the right-hand side of the equation.

On the base of numeri
al 
odes, the model of box-framed s
heme has been

suggested and applied. This way, we 
ould perform the 
al
ulations in limited

regions of all dis
's areas by 
on�guring the s
heme for ea
h problem. Then,

we make the 
al
ulations inside the box, or frame with di�erent measurement.

The used methods are impli
ated into the 
odes and these are: the Runge-

Kutta (impli
it part) method - treats every step in a sequen
e of steps in

identi
al manner. That fa
t makes it easy to add in Runge-Kutta into relatively

simple s
hemes; Alternating dire
tion impli
it method (ADI) - based on �nite

di�eren
e s
heme and following the idea to split the �nite di�eren
e equations

in two. They are impli
it methods, whi
h are general in their appli
ation. It is

suitable to use them in the solutions of partial di�erential equations, be
ause

of their high stability.

2. Results

In the MHD analysis, on the base of the new hypothesis, explained in Se
tion

1.1. and (Yankova, 2013), we introdu
ed a modi�
ation fun
tion

Fi = Fi0ℜi

(

x =
r

r0

)

exp [kϕ (x)ϕ+ ω (x) t] = Fi0fi (x) (3)
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for leading parameters in the model's equations (Iankova, 2007). We obtain

global solutions for the 2D and 3D stru
tures and lo
al evolution of a

retion

dis
.

The results are presented in 
ylindri
al 
oordinates. Dimensionless distribu-

tions of the main physi
al features fi (x, ϕ) des
ribe the de
isions for radial and
lo
al stru
tures of the dis
 in equatorial plane (X,Y ). Where

(X = x cosϕ, Y = x sinϕ) , x ∈ (xg, 1)
(

xg =
rg
rout

)

in the radial stru
ture and x is measured in rg units for the lo
al stru
ture.

0

−1 −1

5e+8

1e+9

0 0

1 1

(a) (b)

0

−1
−1

5e+8

0 0

1e+9

1 1

(
) (d)

Fig. 1: The distribution of dimensionless fun
tion of the equatorial density

f1(X,Y ) in non-axisymmetri
 MHD model, presented in a 3D boxed s
heme

[−1, 1] (Fig.1(a), 1(
)). Figures 1(b),1(d) show the pro�les (x,Z) in 3D, for

densities 
ontours f1 (x,Z) = 106; 108; 1010 at the moments t = 1P and t ∼ 0
.

A syn
hroni
 interpretation of both the radial and the lo
al distributions

of the dis
's physi
al parameters indi
ates the presen
e of a spe
i�
 type of

stru
tures that are formed during the evolution. The presen
e of helix' mega-

stru
tures 
an be registered by the result of mass density (Figs. in Iankova,
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2007; Iankova, 2009). Fig.1a shows a surfa
e distribution of the equatorial

density. The split in the surfa
e of the fun
tion shows an existen
e of one

spiral. In the simulations of the Bisikalo's group, it has shown that at the

temperatures higher than 106 the hot dis
s have only one tidal spiral. Further,

at a moment t ≈ 0 (Fig.1b), the matter is a

umulated mainly into the ring at

the orbit x ≈ 0.8 and is slowly spreading inside. This spreading 
an be seen in

the pro�les for the key moments t = 1P and t ≈ 0, as well.
The results of 2D dis
's stru
ture show the appearan
e of short-live ring-

formations, with an enhan
ed density (Iankova & Filipov, 2010). We build a

model of su
h a formation and we obtain an expression for the lo
al heating and

lo
al developments of the �ow's 
hara
teristi
s. The behavior of the averaged

lo
al heating, whi
h is built by the lo
al model: K (x) = warming
cooling

and the

global development of the entropy gradient ∂ts shows that the internal dis
's

stru
ture gradually alterates into a new dynami
 state - relatively stable, but

very far from equilibrium.

We 
an register a vortex in a 2-dimensional stru
ture. It 
ould be 
learly

seen both in the radial velo
ity's lo
al behavior and in the magneti
 �eld.

Fig. 2: Lo
al development of the dimensionless radial velo
ity f2(X,Y ) shows
two individual bran
hes of the fun
tion, with properties in morphology - the top

bran
h is folded additionally. A di�erent grid s
ale is used in the 
al
ulations

for this model.

In Figure 2, the upper bran
h shows that the in�ow is additionally folded.

In these pla
es, the radial velo
ity rapidly de
reases, and then its rotating


omponent is the only important. Figure 3 shows a presen
e of rotation in the

magneti
 �eld's radial 
omponent. The velo
ity fun
tion is folded in the same

area where the �eld is rotated and a vortex-mi
rostru
ture is lo
alized there

(Fig. 2, 3).

In the next 
al
ulations by the HD approximation, we 
an see that the


hanges in the mass transfer rate are in a 
lose relation both with disturban
es

in the density and in the velo
ity. On the base of the pertubation analysis in

hydrodynami
al �ows, we have studied in detail variations of the �ow param-
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eters, in (Boneva & Filipov, 2012; Boneva, 2009). To study this, we apply the

modi�ed perturbation fun
tion, des
ribed in (Boneva, 2009), on the Navier-

Stokes equations. The perturbations are 
hosen to be in an exponent form

with a power of se
ond order and the velo
ity perturbations have the form:

u (r, ϕ) ≈ u exp
(

im2ϕ− iωt
)

. This form is applied also to the other quanti-

ties. Here ω is the wave number and m is the mode number of ϕ dire
tion.

Let us �rst write down the already introdu
ed in (Boneva, 2009) perturbation

quantities into the �ow parameters: V = v + u; ρ0 = ρ+ ρ′; p = P + p′. where
V, ρ0, p are the total quantities of velo
ity, density and pressure, respe
tively;

v, ρ, P are the time averaged values; u, ρ
′

, p
′

are the perturbations in time. Next,

we apply them into the Navier-Stokes equations. The behavior of perturbed

velo
ity is 
al
ulated for di�erent values of the dimensionless parameter m. We

use a grid-s
ale measurement of values [30, 30, 30℄, whi
h is more suitable to

dete
t the results. The next initial values are applyed: V (0) = V0, u (t0) = u0,
t0 ≈ 1, r0 ≈ 1. It results in o

urren
e of velo
ity ex
ess during the period of

disturban
e (see Fig. 4). After the 
al
ulations, we dete
ted sharp de
rease of

velo
ity values. The sequen
e of the full pro
ess was shown in (Boneva & Fil-

ipov, 2012, see Appendix) and (Boneva, 2009). Here we re
eive a "
olle
tive"

result and we 
an see the total quantity of the velo
ity V = Vt.

Fig. 3: Lo
al development of the radial 
omponent of the magneti
 �eld shows

almost 
omplete rotation of the ve
tor.

The velo
ity behavior 
ould be related to some lo
al unstable a
tivity in the

a

retion dis
s zone (e.g. the 
hange of mass transfer rate of the in�ow matter

in 
lose binary). The s
ales of the axes are 
onstrained by the parametrization

of the 
ode.

In the pla
es where the velo
ity values are 
lose to their minimum, the

density starts to in
rease and it pulls matter there. Thereafter, this means

that the matter from a dis
 
ould be pumped out or 
on
entrated within given

pla
es, 
ausing the density's dilution in 
lose areas. In the paper (Boneva &

Filipov, 2012), we have obtained the results that show the appearan
e of area

with in
reased density, the "thi
kened zone". The 
al
ulations were performed

for 4.5 orbital periods of rotation. The graphi
al results there depi
t four time
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stop-steps for one rotational period only. In a

ordan
e to the "thi
kened zone"

formation and in a relation to the variability in density, we obtain the solution

for density values in these pla
es.

The variability in density, in a

ordan
e to the "thi
kened zone" formation,

gives an information about the matter a

umulation in the de�ned area by the

boundary 
onditions. Graphi
al view of the high density value pla
es is in a

pillar-like form. The 
omposite result (see Fig.5) points that four time steps

again for one rotational period and 
orresponds to the �gure of "thi
kened

zone" in papers (Boneva & Filipov, 2012 - see �g. 1; Boneva et al, 2013).

Fig. 4: Velo
ity variations in the �ow during the mass transfer. The pro
ess for

di�erent values of m is seen. Variations start at −0.45 > m ≤ −1. When the

values of m start to de
rease (m ≤ −1) the pro
ess reverses. The 
riti
al value
is at m = −3. This leads to a �ssion in the solution and a suddenly drop o�

in the velo
ity values is observed.

The results show that during the 4.5 orbital periods of rotation, the dense

areas keep its shape and size. It 
an be 
on
luded that the thi
kened zone 
ould

exists for a long period of time and it does not 
hange its mean 
hara
teristi
s

over the time of our 
al
ulations.

As in the paper (Boneva et al. 2013), we 
on�rm here our 
omparison of

the 2-dimensional vs. 3-dimensional single vortex formation. First we point to

the 2D simulation made by (Boneva & Filipov, 2012; Boneva, 2010). Fig.6a

presents a single vortex formation, whi
h is a part of pattern 
on�guration

frame in the 
overed range of about 7.687× 10

−8
AU to 6.68× 10

−7
AU.

K (x, y) is the boundary 
al
ulation area.

A 
omputational analysis is performed to reveal one possible way of their

appearan
e by visual simulation of their development in the �ow. Our 
al
u-

lations are based on the vorti
al transport equation in the form obtained in

(Boneva & Filipov, 2012), see Se
tion 1.2. The box-frame model is used on
e

again. The pi
ture (Fig.6a) visualizes the �nal stage of vortex-like development

in the �ow. For this �nal run of 
al
ulations the density and velo
ity a

epted
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values ρ (tn) , v (tn) are used as an input. Then, we 
onsider the stage of vortex

evolution in some steady period of their development, when they are "ready"

for the angular momentum transport.

The light blue and dark blue 
olors show the di�eren
e in density in the

intera
ting �ow layers. The density values are in
reasing from the light to

the dark zone. A

ording to the 
onditions of the general �ow and by ap-

plying the simulations again, we obtain the 3D view of the single vortex

evolution in the a

reting �ow. The box boundary values in this 
ase are:

K (x, z, y) ǫ8×10−9AU to 7×10−10
AU. The 3-dimensional vortex-like forma-

tion is presented as a pat
h graphi
s in the 
al
ulating mesh grid in Figure 6b.

Unlike the 2-dimensional 
al
ulations, here we perform the runs with non-zero

initial vorti
ity and non-zero initial turbulization. In this paper, we 
hose to

employ the single vortex 
on�guration in order to look at the formation in

detail. This way we 
an make a better 
omparison between the 2D and 3D

development. Then, an initial deformation in the single vortex-like 3-D 
on�g-

uration is observed. Our three-dimensional results are still under investigation

and the problem will be solved in the near future.

Fig. 5: Pillar's form graphi
al expression of density 
on
entration in 
lose area.

The image shows the a

umulating matter in four moments of time in a ro-

tational period. Cal
ulations are made in 3D quadrati
 frame in x, y and on

variations of the perturbed density value ρ′.

We analyze our results on the MHD model for key moments t = 1P and

t ∼ 0 in the next steps: Consideration of the radial and verti
al stru
ture of

the dis
; Development of the strati�
ation 
ondition |va| ≤ |vs|; Coset with
the ve
tor �eld of the velo
ity (vr, vz); Comparison of the 
oe�
ients of the

meeting of the global model with wave numbers in the lo
al model. We 
an


on
lude that the dis
 develops a spheri
al radiative (non-
onve
tive) 
orona

(Iankova & Filipov, 2010; Yankova, 2013). The dis
 model is modi�ed a

ording

to the 
onditions of the dis
's 
orona. The future aim is to make possible



Nonlinear physi
al pro
esses of a

retion �ows 83

pie
ing together the both solutions, in a 
ase when the two global �ows have

no 
ommon energeti
s.

Con
lusion

A similar �ow's nature is observed in the results re
eived independently from

both HD and MHD approximations. There appeared zones with in
reased den-

sity in some pla
es of the a

retion �ow. The shapes and sizes of these zones

are di�erent in adve
tive and nonadve
tive dis
. This 
ould be 
aused by the

in�uen
e of the di�eren
e in their temperature values over the other dis
's pa-

rameters. In both 
ases a development of vorti
al stru
tures is dete
ted on the

boundaries of the thi
kened and diluted area. The vortexes are obtained both

in our analyti
al 
onsiderations and in the numeri
al 
al
ulations.

(a) (b)

Fig. 6: Single vortex like pattern as a result of 2D 
al
ulations, with zero initial

vorti
ity, but with initial present turbulization value di�erent from zero. The

boundary 
al
ulation area K (x, y) 
overs of about 7.687 × 10

−8
AU to 6.68

× 10

−7
AU, Fig.6a. 3D result of a single vortex-like stru
ture, with non-zero

initial vorti
ity and fun
tion of turbulization. The boundary 
al
ulation area

K (x, z, y) 
overs of about 7.687 × 10−9AU to 6.68 × 10−10
AU. The pi
ture

shows de
omposition in the vortex formation stage, Fig.6b

We 
ome to the next 
on
lusions: The employment of two independent

methods of approa
h in the same area of resear
h gives similar results. This way,

the validity of the 
reated models is 
on�rmed. Our theoreti
al study allows

to make a qualitative analysis of the physi
al pro
esses in real astrophysi
al

obje
ts of resear
h. Therefore, it 
ould be applied for the future investigations

of the a

retion dis
's a
ting me
hanisms, that are still not yet well understood.
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