
Three-planet resonanes in the Solar systemBorislav BorisovAstronomial Center, University of Shumen, BG-9700 Shumenb.st.borisov�abv.bg(Submitted on 22.09.2011; Aepted on 06.01.2012)Abstrat. To be able to explain more preisely the struture, origin and evolution of theSolar system we need to know more relations between orbital elements of the bodies inthe Solar system. The aim of this work is to �nd relations between the synodi periodsof the bodies in the Solar system, so that their ratio is a simple integer ratio, and to ask:Are they just a oinidene or is their origin a result of the evolution of the Solar system?Some relations between mean longitudes of the bodies in the Solar system that are similar torelationship between the mean longitudes of the Jupiter's satellites Io, Europa and Ganimedare also derived. The reason of the existene of some of them is explained. Further partiularsolutions of the four-body problem using the perturbation theory approah ould explainthe nature of others. A period of on�guration repetition of three planets is de�ned. Itis named a synodi (gr. συνoδ - ompanion) period of three-planets beause if the threeplanets are initially in a line from one side of the Sun, i.e. losest to eah other, after thisperiod they will be �ompanions� again. All the planets in the Solar system, the dwarfplanets Ceres and Pluto, the �rst four disovered asteroids: 2 Pallas, 3 Juno, 4 Vesta,5 Astraea and main resonant asteroids with Jupiter: 279 Thule (3:4), 153 Hilda (2:3),108 Heuba (1:2), 1362 Griqua (1:2), 8 Flora (2:7), 887 Alinda (1:3), 434 Hungaria (1:4)are objets of researh in the urrent study and all of them are involved in three-planetresonanes. In general the three-planet resonanes are more numerous and more auratethan the two-planet orbital resonanes. It was found that there are relations between themean motions of four bodies. These four-planet resonanes will be subjet to a furtherstudy. Our initial alulations show that there is a relation between the mean motions ofall terrestrial planets, dwarf planet Ceres and Jupiter and there is a relation between themean motions of all giant planets and dwarf planet Pluto. More detailed study of suhresonanes ould help to explain the struture and the origin of the Solar system.Key words: mean motion resonane, three-planet resonane, synodi period, mean longi-tude, syzygy, Solar systemIntrodutionThere are di�erent kinds of resonanes in the Solar system. Two-planet meanmotion orbital resonanes are the resonanes Jupiter - Saturn (2:5) (Great in-equality) [2001, Mihthenko & Ferraz-Mello℄, Hilda - Jupiter (3:2), Heuba -Jupiter (2:1) and Neptune - Pluto (3:2) [1976, Peale℄. A spin orbital resonaneours when the ratio of the orbital period and the rotation period of a bodyis a simple integer ratio. Suh resonanes are: Moon - Earth (1:1), Io - Jupiter(1:1) and Merury - Sun (3:2). There is a relation between the Venus rotationperiod, its orbital period and the orbital period of the Earth [1967, Goldreih& Peale℄:
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= 0, (1)where Pr = −243 dy is the Venus rotation period and PV and PE are theorbital periods of Venus and Earth respetively. In onsequene of this de-pendene at eah Venus onjuntion the same side of Venus is faing theEarth. Bulgarian Astronomial Journal 18(2), 2012



Three-planet resonanes 93In 1619 Kepler wrote about the resonane struture of the Solar system[1969, Gingerih℄, [1939, Kepler℄, [1997, Kepler & al.℄. In �Orbital resonanesin the Solar System� [1976, Peale℄ Peale explores the main resonanes. Alassi example of a three-planet resonane is the motion of the Galileansatellites of Jupiter: Io, Europa and Ganymede. It is named Laplae resonane.Europa's orbital period is approximately twie Io's period and Ganymede'sorbital period is approximately twie Europa's period. The exat relation is:
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= 0. (2)It an be written as:
PEuGa = 2PIoEu. (3)I.e. the synodi period of Europa and Ganymede PEuGa is twie the syn-odi period of Io and Europa PIoEu.There is a similar orrelation between the orbital periods of Venus, Earthand Mars [2011 a, Wilson℄:
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≈ 0. (4)The last equation shows that the ratio of the synodi periods of Venusand Mars is approximately equal to 3/4. If Venus, Earth and Mars form aon�guration, then after a time equal to four Venus synodi periods (6.4 yr),they will form the same on�guration with a deviation of 1◦. The mismathtime1 is 1000 yr.Other relations between the mean motions of the planets are known [1968,Molhanov℄:

nMa − 6nJ − 2nU ≈ 0,

nV − 3nMa − nS ≈ 0, (5)
nS − 5nN + nP l ≈ 0.In �The reality of resonanes in the solar system� Molhanov ontinueshis works on resonanes [1969, Molhanov℄ [1969, Gingerih℄. In �ResonantStruture of the Outer Solar System in the Neighborhood of the Planets�[2001, Mihthenko & Ferraz-Mello℄ the stability of the Solar system is exam-ined, using following relation between the mean motions of the giant planetsJupiter, Saturn and Uranus:

3nJ − 5nS − 7nU ≈ 0. (6)1 time for the rotation of the middle body by 180◦ to the initial on�guration



94 B. BorisovIn �The web of three-planet resonanes in the outer Solar System� Mas-similiano Guzzo [2005, Guzzo℄ numerially detets the web of three-planetresonanes (i.e., resonanes among mean anomalies, nodes and perihelia ofthree planets) with respet to the variation of the semi-major axis of Sat-urn and Jupiter. In �The Role of Resonanes in Astrodynamial Systems�Rudolf Dvorak [2010, Dvorak℄ explores relations between the mean motionsof asteroids and the giant planets Jupiter and Saturn.In this artile we look for relations similar to equations (2) and (4) betweenthe orbital periods of the bodies in the Solar system. All the planets in theSolar system, the dwarf planets Ceres and Pluto, the �rst four disoveredasteroids: 2 Pallas, 3 Juno, 4 Vesta, 5 Astraea and the main resonant asteroidswith Jupiter: 279 Thule (3:4), 153 Hilda (2:3), 108 Heuba (1:2), 1362 Griqua(1:2), 887 Alinda (1:3), 8 Flora (2:7?), 434 Hungaria (1:4) are inluded here.The resonane Flora - Jupiter is ontroversial, but this asteroid is inludedas it is onsidered that the Flora family onsists of more than 5000 membersand it represents 4-5% of all main-belt asteroids.Table 1 shows the mean motions of the planets and the dwarf planetsCeres and Pluto.Table 1. Mean motions of the terrestrial planets and CeresPlanet Merury Venus Earth Mars Ceres
n[◦/dy] 4.092338799 1.602130477 0.985609113 0.524032836 0.214328175Planet Jupiter Saturn Uranus Neptune Pluto
n[◦/dy] 0.083091189 0.033459652 0.011730787 0.005981826 0.00397846Table 2 and Table 3 give the mean motions of the onsidered asteroids.The values for the planets are taken from �Astronomial yearbook� [1987,As-tronomiheskij Ezhegodnik℄ and for the asteroids and the dwarf planets Ceresand Pluto - from Jet Propulsion Laboratory (JPL) [JPL Small-Body DatabaseBrowser℄.Table 2. Mean motions of the �rst four disovered asteroids and 8 FloraAsteroid 2 Pallas 3 Juno 4 Vesta 5 Astraea 8 Flora
n[◦/dy] 0.213539504 0.225761927 0.271524121 0.238688795 0.363520232Table 3. Mean motions of main resonant asteroids with JupiterAsteroid 434 Hungaria 887 Alinda 1362 Griqua 108 Heuba 153 Hilda 279 Thule

n[◦/dy] 0.301827948 0.252689529 0.17083233 0.16878079 0.12451537 0.11160121



Three-planet resonanes 951 A mathematial approah for �nding a three-planetresonaneLet us onsider three bodies with orbital periods P1, P2, P3 and P1 < P2 < P3.
P12 is the synodi period of the �rst and the seond body:

1

P12

=
1

P1

−
1

P2

(7)and P23 is the synodi period of the seond and the third body:
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. (8)There is a three-planet resonane if the ratio of the synodi periods P12and P23 is a simple integer ratio:
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, i, j = 1, 2, 3, ... (9)The last equation an be written as:

in1 − (i+ j)n2 + jn3 = 0, (10)where n1, n2, n3 are the mean motions of the planets.Beause P1 < P2 < P3, the period of on�guration repetition Pij of thethree planets an be derived from:
Pij =

360◦ (i+ j)

n1 − n3
= (i+ j)P13, i, j = 1, 2, 3, ... (11)where P13 is the synodi period of the �rst and the third planets. The period

Pij will be named synodi (gr. συνoδ - ompanion) beause if the three planetsare initially in a line from one side of the Sun, i.e. losest to eah other, afterthis period they will be �ompanions� again.Let the three planets lay in one line with the Sun (Fig.1). The deviationof the mean longitudes of the planets ϕ for time equal to the synodi period
Pij is alulated from:

ϕ = ∆λ1 −∆λ2, (12)where ∆λ1 and ∆λ2 are the hanges of the mean longitudes of the �rst andthe seond planet respetively.The deviation per year ψ an also be taken to determine the auray ofthe resonane:
ψ =

ϕ

Pij [yr]
, i, j = 1, 2, 3, ... (13)
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Fig. 1. Initial on�guration of the tree planets (left) and on�guration after the synodiperiod Pij (right)The time of mismath Pm an be derived from:
Pm =

180◦Pij

ϕ
, i, j = 1, 2, 3, ... (14)The relation (10) is approximately true. We an write an exat equation:
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= 0, i, j = 1, 2, 3, ... (15)where P ′

1 is approximately equal to P1:
P ′

1 = P1 +∆P1 (16)and ∆P1 is a small value. The quantity ∆P1/P1 an also be used to determi-nate the auray of the resonane between the tree planets. In this work themaximum value of |∆P1|/P1 is 1%.We introdue two more small parameters to determine the auray ofthe resonane:
in1 − (i+ j) n2 + jn3

n1 − n3
,

iP23 − jP12

(i+ j)P13

.Here three-planet resonanes are alulated using the following algorithm:



Three-planet resonanes 971. Input n1, n2, n3.2. Calulate n12/n23 from:
n12
n23

=
n1 − n2
n2 − n3

. (17)3. Chek n12/n23 > 1.4. Input the index i = 1. (If n12/n23 ≤ 1 the index j is input.)5. Calulate the index j from:
j = i

[

n12
n23

]

, (18)where [n12/n23] is the losest integer number approximately equal to theratio n12/n23.6. Calulate Pij , ϕ, ψ, Pm, ∆P1 and ∆P1/P1.7. Input a new value of the index i, i := i + 1 and repeat the proess fromstep 5.

Fig. 2. Con�guration of Venus, Earth, Mars and Ceres on 09.02.1995 and 02.07.2001The proess stops when |∆P1|/P1 ≤ 0.01 for i and it is smaller than
|∆P1|/P1 for i+1. In almost all resonanes onsidered here the values of i or
j are smaller or equal to 5.



98 B. BorisovTable 4. Synodi periods of the terrestrial planets, Ceres and Jupiter in daysPlanet Venus Earth Mars Ceres JupiterMerury 144.5662183 115.8774777 100.8882096 92.8311021 89.7924087Venus 583.9213707 333.9215172 259.4029420 236.9918953Earth 779.9360970 466.7559931 398.8840447Mars 1162.3977480 816.4345610Ceres 2743.12912702 Three-planet resonanes, inluding a terrestrial planetIn Table 4 the synodi periods of the terrestrial planets, the dwarf planetCeres and Jupiter are given.Among three-planet resonanes presented in Table 5, two of the mostaurate are Venus - Earth - Mars and Earth - Mars - Ceres. Both resonaneshave almost equal synodi period 6.4 yr. Therefore after a period equal tonine Venus - Ceres synodi periods the four bodies will reprodue their initialon�guration (Fig.2) and aording to (11) we obtain:
PVMa

PECe

≈
5

7
. (19)The last equation an be written as follows:

5nV − 7nE − 5nMa + 7nCe ≈ 0. (20)From the formulae that express the resonanes Venus - Earth - Mars:
3nV − 7nE + 4nMa ≈ 0 (21)and Earth - Mars - Ceres:
2nE − 5nMa + 3nCe ≈ 0 (22)are obtained relations between the mean longitudes of the bodies. At presentthese relations are:

3λV − 7λE + 4λMa ≈ 180◦,

2λE − 5λMa + 3λCe ≈ 0◦. (23)The �rst of these relations shows that the planets Venus, Earth and Marsan't lie in a line on the same side of the Sun (Fig.3). The seond one showsthat the planets Earth, Mars and dwarf planet Ceres an lie in a line on thesame side of the Sun (Fig.2) In omparison with (23) the analogous relationof the Galilean satellites Io, Europa and Ganymede is:
λIo − 3λEu + 2λGa ≈ 180◦. (24)



Three-planet resonanes 99Table 5. Three-planet resonanes, inluding a terrestrial planetResonane i:j Pij [yr] ϕ [◦] ψ [′] Pm [yr] ∆P1 [dy] ∆P1/P1 10−3Venus, Earth, Mars 3:4 6.40 1 10 1059 0.15 1Earth, Mars, Ceres 2:3 6.39 3 26 413 -1.10 -3Venus, Earth, Ceres 5:4 6.39 1 6 1762 -0.07 0Venus, Mars, Ceres 2:7 6.39 3 29 378 -0.82 -4Merury, Mars, Ceres 2:23 6.35 1 12 919 0.14 2Merury, Earth, Ceres 1:4 1.27 2 95 114 0.47 5Merury, Venus, Earth 1:4 1.59 3 106 102 0.52 6Merury, Venus, Mars 3:7 2.76 8 167 65 -0.54 -6Mars, Ceres, Jupiter 3:7 22.35 9 23 471 4.60 7Venus, Earth, Jupiter 3:2 3.24 11 195 55 2.10 9Venus, Earth, Jupiter 41:28 44.77 2 2 4947 0.02 0Merury, Venus, Jupiter 3:5 1.97 11 341 32 -0.88 -10Let's reall that the angles between three bodies in the partial solutionsof the three-body problem are 0◦, 60◦ or 180◦ and they doesn't depend onthe masses of the bodies. Further partial solutions of the four-body problemusing the perturbation theory approah ould explain the relations betweenmean longitudes of Venus, Earth, Mars and Ceres.From the equations (23) similar to (20) relations are obtained:
λV − 3λE + 3λMa − λCe ≈ 60◦,

λV − λE − 2λMa + 2λCe ≈ 60◦. (25)The �rst of these relations shows that after a period equal to three Venus- Ceres synodi periods (2.13 yr) Venus - Ceres and Mars - Earth in pairs willreprodue their on�gurations (Fig.4).The seond one shows that after the Mars - Ceres synodi period (3.2 yr)Venus - Earth and Mars - Ceres in pairs keep their on�gurations (Fig.5).Some of the resonanes in Table 5 are the mathematial onsequene fromothers. For example: if the mean motions of Mars and Earth are exluded fromthe equations (21) and (22), then we obtain the equations that express thethird and the forth resonane respetively.If the mean motion of Earth is exluded from the equations (21) and fromthe equation that expresses the resonanes Merury - Venus - Earth:
nM − 5nV + 4nE ≈ 0 (26)
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Fig. 3. Con�guration of Venus, Earth and Mars on 15.01.1994 and 29.03.1997An equation is derived that expresses a three-planet resonane between Mer-ury, Venus and Mars:
7nM − 23nV + 16nMa ≈ 0. (27)This resonane has a synodi period 6.35 yr, whih is approximately equalto the synodi periods of the resonanes Venus - Earth - Mars and Earth -Mars - Ceres. Therefore the resonane Merury - Venus - Mars (Table 5) isnot in an agreement with other resonanes and it must be onsidered as aoinidene.The resonane Merury - Mars - Ceres an be derived from the resonanesMerury - Venus - Earth, Venus - Earth - Mars and Earth - Mars - Ceres andit is only a mathematial onsequene of upper resonanes.The three-planet resonane Venus - Earth - Jupiter (41:28) is taken from�Do Periodi Peaks in the Planetary Tidal Fores Ating Upon the Sun In�u-ene the Sunspot Cyle?� [2011 b, Wilson℄. It an be derived from the equa-tions (21) and (22) and the formula that expresses the three-planet resonaneMars - Ceres - Jupiter if the mean motions of Mars and Ceres are exluded.It also an be derived from the equation for the four-planet resonane Venus- Earth - Mars - Jupiter:

5nV − 5nE − 7nMa + 7nJ ≈ 0 (28)and the equation for the three-planet resonane Venus - Earth - Mars (21) ifthe mean motion of Mars is exluded. Therefore, as the three-planet resonaneVenus - Earth - Jupiter (3:2) is less aurate and it is not in an agreementwith other resonanes it must be onsidered as a oinidene.The last resonane in Table 5 is most inaurate and it an't be derived asmathematial onsequene from other. Beause of that it must be onsideredas a oinidene too.



Three-planet resonanes 101

Fig. 4. Con�guration of Venus, Earth, Mars and Ceres on 06.05.1995 and 23.06.1997Therefore the resonanes that have shortest times of mismath Merury- Venus - Mars, Venus - Earth - Jupiter (3:2) and Merury - Venus - Jupiter(Table 5) must be exluded and must be onsidered as a oinidene. Forthe rest it an be said that eah body has a three-planet resonane withits neighbors. The three-planet resonanes, inluding Jupiter or Merury, areinaurate. The Merury - Mars - Ceres synodi period is approximately equalto the synodi period of Earth - Mars - Ceres. The ratio of the synodi periodof Merury - Venus - Earth and that of Earth - Mars - Ceres is approximatelyequal to 1:4. And the ratio of the synodi period of Mars - Ceres - Jupiterand that of Earth - Mars - Ceres is approximately equal to 7:2 and the �rstone is approximately equal to a half of the Venus - Earth - Jupiter synodiperiod P41,28. All that shows that there is a linear relationship between themean motions of all terrestrial planets, the dwarf planet Ceres and the biggestplanet in the Solar system - Jupiter. Our initial alulations on four-planetresonanes show that they have period of repetition approximately equal tothe last period 44.8 yr.3 Three-planet resonanes, inluding an asteroid from themain beltAll asteroids onsidered in this work are involved in three-planet resonanes.The most aurate of them (Table 6) is Vesta - Juno - Ceres with synodiperiod 86.16 yr and time of mismath 90631 yr.Initially we took the values of the orbital periods of the asteroids fromASTORB Database [Asteroid Observing Servies℄ and we alulated a de-viation per year ψ = 1′ and time of mismath 15912 yr for the resonaneAstraea - Juno - Pallas. At present the relation between the mean longitudes
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Fig. 5. Con�guration of Venus, Earth, Mars and Ceres on 08.07.1993 and 12.09.1996of Astraea, Juno and Pallas is:
λAs − 2λJu + λPa ≈ 60◦. (29)This relation is shown graphially in Fig. 6. For a time equal to 1/6 ofthe Astraea - Juno - Pallas synodi period Astraea will rotate by an angle of

60◦ relative to Juno and Pallas by −60◦. Sine the orbital period of Juno isapproximately equal to 1/18 of Astraea - Juno - Pallas synodi period it willstay in the same plae.In omparison to (29) the analogous relation of the Galilean satellites Io,Europa and Ganymede is (24).It is worth noting that the synodi periods of the three-planet resonanesMars - Flora - Heuba and Flora - Heuba - Hilda (Table 6) are approx-imately equal. The latter suggests that there is a orrelation between themean motions of the four bodies and it is very aurate. If the values for theorbital periods of the asteroids are taken from ASTORB Database [AsteroidObserving Servies℄ the relation is:
nMa − nF l − 5nHe + 5nHi ≈ 1′′/yr. (30)It is interesting that this dependene inludes Jupiter's resonant asteroidsand Mars. It also shows that after a period 21.16 yr, two by two Mars -Heuba and Flora - Hilda onserve their on�gurations and moreover - thedeviation is only 1 degree per 17 000 years and the time of mismathis 3 Myr. Compared to it, the deviation of the Galilean satellites Io - Europa- Ganymede in Laplae resonane is 1 degree per 80 000 years and timeof mismath is 15 Myr. But the orbital periods of Galilean satellites Io andGanymede are well known. They are approximately 400 times smaller thanthese of Mars and Hilda respetively. And Ganymede has revolved 20 500times sine its disovery, but Hilda - only 17 times.



Three-planet resonanes 103Table 6. Three-planet resonanes, inluding an asteroid from the main beltResonane i:j Pij [yr] ϕ [◦] ψ [′] Pm [yr] ∆P1 [dy] ∆P1/P1 10−3Mars, Vesta, Jupiter 3:4 15.65 3 12 909 1.66 2Vesta, Juno, Ceres 1:4 86.16 0 0 90631 0.13 0Astraea, Juno, Pallas 1:1 78.38 10 8 1399 4.46 3Astraea, Juno, Pallas * 1:1 78.08 1 1 15912 -0.39 0Astraea, Juno, Ceres 8:9 687.82 8 1 16389 0.40 0Vesta, Astraea, Juno 2:5 150.77 8 3 3329 2.53 2Mars, Flora, Heuba 3:5 22.20 1 4 2859 0.60 1Flora, Heuba, Hilda 1:3 22.23 1 1 7857 0.99 1Hungaria, Alinda, Heuba 3:4 35.43 6 10 1098 -2.85 -3

Fig. 6. Con�guration of Astraea, Juno and Pallas on 26.07.2012 and 19.08.20254 Three-planet resonanes, inluding a resonant asteroidfrom the main belt and a giant planetVery aurate results for three-planet resonanes, inluding a resonant aster-oid from the main belt and a giant planet (Table 7) were expeted.3 times and 5 times more aurate resonanes were obtained than thetwo-planet resonane for the asteroids Hilda and Thule respetively. If theorbital periods of the asteroids are taken from ASTORB Database [AsteroidObserving Servies℄ then these three-planet resonanes are 62 times and 40times more aurate respetively. If the orbital period of Hilda is alulated



104 B. BorisovTable 7. Three-planet resonanes, inluding a resonant asteroid from the main belt and agiant planetResonane i:j Pij [yr] ϕ [◦] ψ [′] Pm [yr] ∆P1 [dy] ∆P1/P1 10−3Hilda, Jupiter, Saturn 6:5 119.07 2 1 13993 1.50 1Thule, Jupiter, Saturn 7:4 138.75 5 2 5192 4.32 1Hilda, Thule, Saturn 6:1 75.77 3 2 5254 -2.54 -1Hilda, Thule, Jupiter 2:1 71.38 23 20 551 -30.80 -11Heuba, Thule, Jupiter 1:2 34.51 1 1 9267 2.02 1Flora, Griqua, Jupiter 2:3 22.53 2 5 2000 -2.43 -2from the two-planet resonane relation:
PHi =

2

3
PJ , (31)the result is 2888.39 dy. The value of the same period, derived from theformula for the three-planet resonane, inluding the orbital period of Saturn:
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= 0 (32)is 2892.71 dy. The orbital period of Hilda asteroid is 2892.78 dy. As forThule asteroid orresponding values are: for the two-planet orbital resonane- 3249.44 dy, for the three-planet resonane - 3230.09 dy, the orbital period -3230.56 dy and the formula for the three-planet resonane is:
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= 0. (33)It is interesting that the middle oe�ient in the formulae for the three-planet resonane of Hilda (26) and Thule (27) is the same -11. The �rst oef-�ients in both formulae are bigger than the last oe�ients. If this formulais written with equal �rst and last oe�ient:
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= 0, (34)orbital period of 7.43 yr an be derived. It is orresponding to a semimajoraxis of 3.8 AU aording to the third Kepler's law and it �ts the end ofKirkwood gaps in the main asteroid belt.



Three-planet resonanes 105If the orbital period of Saturn is exluded from the equations (33) and(34), an equation is derived that expresses a three-planet resonane betweenHilda, Thule and Jupiter:
24

PHi

−
35

PTh

+
11

PJ

≈ 0. (35)This resonane has a synodi period 832.77 yr, that is 7 times biggerthan the synodi periods of the resonane Hilda - Jupiter - Saturn, 6 timesbigger than the synodi periods of the resonane Thule - Jupiter - Saturnand 11 times bigger than the synodi periods of the resonane Hilda - Thule- Saturn with very big auray. It has time of mismath 4700 yr. Thereforethe resonane Hilda - Thule - Jupiter (Table 7) is not in an agreement withother resonanes and it must be exluded and onsidered as a oinidene.The synodi period of the resonane Thule - Jupiter - Saturn is 4 timesbigger than that of Heuba - Thule - Jupiter. Therefore we an derive morerelations between these four bodies. If the mean motion of Thule is expressedfrom (33) and put in the equation that expresses resonane Heuba - Thule -Jupiter:
nHe − 3nTh + 2nJ ≈ 0, (36)An equation is derived that expresses a three-planet resonane Heuba -Jupiter - Saturn:

7nHe − 19nJ + 12nS ≈ 0. (37)This resonane has a synodi period 138.39 yr, whih is approximately equalof that of Thule - Jupiter - Saturn.If the mean motion of Jupiter is expressed from (33) and put in (36) it isderived an equation that expresses a three-planet resonane Heuba - Thule- Saturn:
11nHe − 19nTh + 8nS ≈ 0 (38)with the same synodi period 138.39 yr. Therefore the four bodies are involvedin a four-planet resonane.5 Three-planet resonanes, inluding a giant planetTable 8 shows the synodi periods of Merury, the giant planets and the dwarfplanet Pluto.Most interesting of the three-planet resonanes, inluding a giant planet(Table 9), is the resonane Merury - Jupiter - Neptune (39). It inludes thelargest, losest to the Sun and the most distant planet.
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106 B. BorisovTable 8. Synodi periods of Merury, the giant planets and the dwarf planet Pluto in daysPlanet Jupiter Saturn Uranus Neptune PlutoMerury 89.7924087 88.69443681 88.22214703 88.0980302 88.05474148Jupiter 7253.452612 5044.814643 4668.693751 4550.150484Uranus 16567.82345 13101.47317 12208.88356Saturn 62620.01154 46404.54616Neptune 179202.579Table 9. Three-planet resonanes, inluding a giant planetResonane i:j Pij [yr] ϕ [◦] ψ [′] Pm [yr] ∆P1 [dy] ∆P1/P1 10−3Merury, Jupiter, Neptune 1:52 12.78 0 0 59463 -0.01 0Merury, Jupiter, Saturn 1:81 19.91 1 3 3705 -0.23 -3Merury, Saturn, Neptune 1:148 35.94 1 1 9367 -0.17 -2Jupiter, Saturn, Neptune 5:9 178.95 4 1 8048 8.96 2Jupiter, Saturn, Uranus 4:9 179.56 15 5 2160 39.02 9Jupiter, Uranus, Pluto 5:46 635.34 0 0 421857 -0.62 0Saturn, Uranus, Pluto 5:14 635.10 0 0 273171 2.20 0Jupiter, Saturn, Pluto 3:5 99.66 7 4 2699 25.54 6The synodi period of this resonane is 12.8 yr. It is two times bigger thanthe synodi period of the three-planet resonanes Venus - Earth - Mars andEarth - Mars - Ceres?! At present the relation between the mean longitudes2of Merury, Jupiter and Neptune is:
λM − 53λJ + 52λN ≈ 240◦. (40)It is shown graphially in Fig. 7. When Jupiter and Neptune are in asyzygy Merury is at 120◦ relative to Jupiter.This resonane is unusual. It ould be a onsequene of an existene ofa resonane between all terrestrial planets and the giant planets Jupiter andNeptune. This will be examined in a further work.2 The mean longitudes of the planets are taken from �Keplerian Elements for ApproximatePositions of the Major Planets� (http://ssd.jpl.nasa.gov/txt/p_elem_t1.txt)
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Fig. 7. Con�guration of Merury, Jupiter and Neptune on 09.08.2009 and 30.12.201(The distanes to the Sun are not saled.)The next resonane Merury - Jupiter - Saturn is inaurate. Its synodiperiod is approximately equal to 14/9 of the last period. More aurate reso-nane 9:727 with synodi period 178.72 yr and mismath time 329358 yr wasomputed in a more detailed study.The next resonane Merury - Saturn - Neptune has approximately thesame synodi period 179.45 yr. All this is in aordane with the next reso-nane Jupiter - Saturn - Neptune with a synodi period 178.95 yr. And evenmore, the next resonane Jupiter - Saturn - Uranus has almost the same syn-odi period 179.56 yr. If the mean motion of Jupiter is exluded from theequations that expressed these resonanes a three-planet resonane Saturn -Uranus - Neptune (1:4) is derived with almost the same synodi period 179.35
yr. Therefore four giant planets are involved in a four-planet resonane witha period of repetition approximately equal to 179 yr.The next two resonanes have almost equal synodi periods of 635 yr.If the mean motion of Uranus is exluded from the equations that expressthese resonanes an aurate three-planet resonane Jupiter - Saturn - Pluto(19:32) with the same synodi period and mismath time 43633 yr is derived.Therefore the last resonane in Table 9 must be exluded and onsidered as aoinidene. By more detailed study some linear relations between the meanmotions of Jupiter, Saturn, Uranus and Pluto an be derived. Most aurateof them is:

nJ − 4nS + 5nU − 2nP l ≈ 1′/yr. (41)It an be written as:
PSUP l = 2PJSU , (42)where:

1/PJSU = 1/PJS − 1/PSU (43)



108 B. Borisovand
1/PSUP l = 1/PSU − 1/PUP l. (44)The last two periods an be named seond synodi periods. Thereforethe seond synodi period of Saturn, Uranus and Pluto is twie the seondsynodi period of Jupiter, Saturn and Uranus. There is a similar statementfor Venus, Earth, Mars and Ceres. The seond synodi period of Venus, Earthand Mars is equal to the seond synodi period of Earth, Mars and Ceres.Suh type of resonanes and the physial and geometrial properties of theseond synodi periods will be a subjet of further study.Our initial alulations on four-planet resonanes show a four-planet res-onane Merury - Jupiter - Saturn - Neptune:
3

PM

−
247

PJ

+
247

PS

−
3

PN

= 2′/yr. (45)It has a synodi period 59.58 yr and time of mismath 2.5 Myr. Mostprobably this resonane an also be derived from the equations that expressresonanes between all terrestrial planets and the giant planets. The periodof repetition of giant planets is approximately three times bigger than thisperiod. The ratio of the last period and the synodi period of the three-planet resonanes Venus - Earth - Mars - Ceres and Earth - Mars - Ceres(Table 5) is approximately equal to 28:3 and the ratio of it and the synodiperiod of the three-planet resonane Venus - Earth - Jupiter P41,28 (Table 5) isapproximately equal to 4:3. Let us note that the last period is approximatelyequal to the period of repetition of all terrestrial planets, dwarf planet Ceresand Jupiter. Therefore all planets and Ceres may have a period of repetitionapproximately equal to 179 yr. This will be investigated in a further work.ConlusionIn this work it was shown that there are many three-planet resonanes in theSolar system. In general they are more in number and more aurate thanthe two-planet orbital resonanes. The majority of the most aurate amongthem Venus - Earth - Mars (21), Earth - Mars - Ceres (22), Hilda - Jupiter -Saturn (32) and Merury - Jupiter - Neptune (39) are expressed by adjaentintegers, as well as the most aurate two-planet mean motion resonanesHilda - Jupiter (3:2), Thule - Jupiter (4:3) and Neptune - Pluto (3:2).It was found that there are relations between the mean motions and themean longitudes of four bodies. These four-planet resonanes will be a subjetof further work.A detailed study of three-planet and four-planet resonanes an be pro-vided in order to explain more preisely the struture, origin and evolutionof the Solar system. Further, partiular solutions of the four-body problemusing the perturbation theory approah ould explain the nature of suh res-onanes. Our initial alulations show that there is a relation between themean motions of all terrestrial planets, dwarf planet Ceres and Jupiter and
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