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Abstract. This paper is a continuation of our previous works "On the movement of the
asteroid 108 Hecuba” and "The main part of the perturbation function in the restricted three-
body problem”. The first one presents an application for the computing the perturbation
function in the restricted three-body problem Sun, Jupiter and Hecuba. And the second one
shows the expression of the main part of the perturbation function. The determination of
Hecuba’s orbital elements is a special case of the three-body problem. Hecuba’s mean motion
is approximately two times bigger then Jupiter’s one. The variations of orbital elements,
presented graphically here, are calculated by the theoretical model developed by Kiril Popov
in his doctor’s dissertation. We improve this method including terms up to the fourth order of
Hecuba’s eccentricity in the perturbation function. It is possible because of the development
of computer technology. All calculations are made by the system for the manipulation of
symbolic and numerical expressions "Maxima”. The presence of observational data enables
us to take the date 18. 08. 2005 for epoch. The differential equations are solved approximately
using the Maclaurin series expansion up to the second order about Jupiter’s mass expressed
in solar masses. The constants of integration are derived by iterations.

Key words: Jupiter, Hecuba, mean motion, orbital elements, semimajor axis, eccentricity,
inclination, argument of pericenter, longitude of ascending node, mean anomaly.

NzmeHneHue Ha opOuTHUTE ejeMeHTH Ha actepous 108 Xekybda

Bopucnas Bopucos, Bragumup Illxonpos

Taswu craTust e TPOIbIIKEHNE HA IPEIUITHATE HAIIN CTATUH “BbPXY JBUKEHUETO HA ACTEPOUT
108 Xexy6a” u "I'maBHaTa 9acT Ha meprypbOaruoHHaTa MYHKINS B OrPAHMYICHATA 33a%Ia 33
Tpu Tesia”. II'bpBaTa maBa eqHO IPUIOKEHHUE 33 ITPECMsITaHe Ha TePTypOaronHaTa (OyHKITHS
B orpaHmvenaTa 3aaa4da 3a tpu resa Cobaie, FOnurep u Xeky6a. A BbB BTOpaTa Cce ToKa3Ba
U3pa3bT 3a [VIABHATA 4acT Ha neprypbauumonnara dyukuus. Oupejensnero Ha opburaure
esleMenTr Ha XeKy0a e eMH ClienuaJieH ciydail Ha 3a1a49aTa 3a Tpu Tesa. CpegHoTo JBuKeHre
na HOnurep e npubausurenHo aBa mbTU MMO-TOJIIMO OT TOBAa Ha Xekyba. V3Menenusara na
opburHuTe esementn Ha acrepons 108 Xexyba, mpemcraBeHn rpaduuHO TYK, Ca IOJIY<I€HH
Bb3 OCHOBA HA €JUH TEOPETHUYIEH MO/eJI Ha OUPDAHMYIEHATA 33Jadva 33 TPU TeJa, pa3paboTeH
or Kupwns IlomoB B moxTopckara My amceprarms. Hume momobpsiBame TO3M METOI KAaTO B
u3pasa 3a neprypbanuonnara GyHKIUs BKJIOYBAME YICHOBE JI0 YeTBbPTH HOPsIbK OTHOCHO
eKCleHTpunuTeTa Ha opburara Ha acrepomsa. ToBa e BbH3MOXKHO MOPAaU PA3BUTHETO HA
KOMITIOTbPHUTE TEXHOJIOIMU. BCUYKU M3YUC/IEHUs] CA HAIIPABEHU C IIOMONITA HA CUCTEMATA
3a aHaUTUIHO TpecMmsaTane "Maxima”. Hammuanero wHa Hab/II0aTEIHN JAHHN HU TO3BOJISBA
ma u3bepem marara 18. 08. 2005 rox. 3a HagasgeH MoMmeHT. [ludepeHnuaanure ypaBHEeHNS Ce
penraBaT mpubJIN3UTETHO KATO Ce PA3BUBAT B pe HA MaK/IOPEeH C TOYHOCT 0 BTOPH MPSIIbK
orHOCHO Macara Ha IOuwurep, uspasena B Cabuuesu macu. VHTerpanuoHHuTe KOHCTAHTU €A
[IOJIy 9€HU YPe3 [OCJIEI0BATEHU IPUDIINKEHNS.

Introduction

This paper is a continuation of our previous works ”On the movement of the
asteroid 108 Hecuba” [1] and ”The main part of the perturbation function in
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the restricted three-body problem” [2]. The first one presents an application for
the computing the perturbation function in the restricted three-body problem
Sun, Jupiter and Hecuba. And the second one shows the expression of the main
part of the perturbation function using the generalized binomial transform [3].

The variations of 108 Hecuba’s orbital elements are calculated by the the-
oretical model developed by Kiril Popov in his doctor’s dissertation [4]. We
improve this method including the terms up to the fourth order of Hecuba’s
eccentricity in the perturbation function [1], [2]. It is possible because of the
development of computer technology. We make the calculations by the system
for the manipulation of symbolic and numerical expressions ”Maxima” [5].
The obtained orbital elements (see Fig. 1-6) are shown only graphically as the
analytical results are very enormous.

The applications for the calculations will be presented in next works. If
we succeed with reducing the analytical solution using generalized binomial
transform [3], we shall publish it too.

Why do we choose 18.08.2005 for epoch?

— As a first Andoayer proved [4] that the angle ¢ that is the difference
between Hecuba’s mean anomaly (M) and the double difference between
Jupiter’s mean longitude ((;) and Hecuba’s mean longitude (¢) has to be
approximately equal to 180° at epoch 18.08.2005. Then we have:

=M —2({ — ()~ 180° (1)

— As a second the angle 1 changes with a period about 300 years and now
we have the incredible possibility to include observational data from 2005
in our computations. The orbital elements calculated by observations are
taken from ”Ephemerides of minor planets” [6].

1 Equations of motion

We assume that Jupiter’s orbital elements are constant.
Initially Hecuba’s orbital elements are transformed on the plane defined
by the Jupiter orbital elements [6] at epoch 18.08.2005 [J2000]:

a1 = 5,2018733[AU], ey = 0,048057, iy = 1°,30376,
M, = 190°, 4223, wy = 274°,21437, 2, = 100°, 50891.

Hecuba’s orbital elements [6] at epoch 18.08.2005 [J2000] are:

ap = 3,2409744[AU], o = 0,0524662, o = 4°,24713,
My = 224°,63705,  wo = 191°,05215, 2 = 300°, 37926.

ag, a1 — the samimajor axis of Hecuba and Jupiter respectively,

eo, e1 — the eccentricity of Hecuba and Jupiter respectively,

10, 11 — the inclination of Hecuba and Jupiter respectively,

My, My — the mean anomaly of Hecuba and Jupiter respectively,

wp, w1 — the argument of pericenter of Hecuba and Jupiter respectively,

2, 21 — the longitude of ascending node of Hecuba and Jupiter respectively.
The equations of motion are expressed using the Delone variables [7] as

follows:
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dL _OF G _0F o _oF
dat oM’ dt  Ow’ dt  ov’

aM __OF de  _OF  dv_ _OF
dt 0L’ dt = 90G’ dt 00’

where:

U:Q_Cly

1 .
F_nl <2L2 +6+,U'R)7

(1 — the mean longitude of Jupiter,
n1 — the mean motion of Jupiter,
1 — the mass of Jupiter in solar masses,

R — the perturbation function.
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The relations between the Delone variables and the orbital elements [7], [8]

are:
L=+ =,
ai
G=LV1-—e?

O = G cosi.
The Delone variables are replaced with new variables following [4]:

U=L+S+T, S=L-G, T=G-0,

p=M+w+wv, s=-M—-2w—-2v, T=-M-—w-—2v,

T=+v2Scoss+¢é, y=+V2Ssins,

& =+V2T cos, n=+v2TsinT,

(8)
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T = €ecosq, y = —esina,
(10)
& =1cosf, n = —tsin g,

where € is a constant that is determined by the following condition:

The coefficient of Hecuba’s eccentricity in the perturbation function must
be equal to zero.

Then the equations of motion become:

dU 9F  de  19F d _ 10F

dt e’ dt eda’ dt LB’

(11)
dp  OF da 10F dg  10F
dt ~ 9U dt  eds’ dt Lo

Finally the differential equations are solved approximately using the Maclaurin
series expansion about [ including terms up to the second order [8]. The
quantity [ is approximately equal to Jupiter’s mass expressed in solar masses
1. The constants of integration are derived by iterations.

All calculations are made by the system for the manipulation of symbolic
and numerical expressions ”Maxima” [5].

2 Differences between our model and Kiril Popov’s model

Initially we exclude only the terms depending on ¢ in the perturbation func-
tion. Kiril Popov excluded all terms depending on ¢, e;, and €.

All longperiodical terms are included in the second approximation of our
solution. Kiril Popov included only some of them [4].

The angle ¥ at zero time point is approximately equal to 0° in Kiril Popov’s
model. It is approximately equal to 180° in our model. In this way the series
become alternative and they converge faster.

To determine the integration constants we take only the initial orbital ele-
ments of Hecuba at epoch 18.08.2005. Kiril Popov determined the integration
constants influenced by available observational data.

We include all terms up to the fourth order of Hecuba’s eccentricity in
the perturbation function in our computations. So the accuracy of determi-
nation of Hecuba’s orbital elements especially of inclination and longitude of
ascending node (see Fig. 4, 5) increases. Kiril Popov used the expression of the
perturbation function including the terms up to the second order [7]. He took
the terms up to the fourth order only in the Taylor series in the equations for
« and (.

3 Results

Figures (1-6) show the comparisons between the calculations of K. Popov [4]
(dotted curves), calculations based on the results of the presented work (solid

curves) and available observational data [6] (dots).
The variations of Hecuba’s semimajor axis are shown in Fig. 1. The am-
plitude calculated by Kiril Popov is smaller then the real amplitude as he



semimayor axis [AU]

Variations of orbital elements of 108 Hecuba 71

3,26

3,25

3,24

3,23

3,22

3,21

3,20

1850 1900 1950 2000 2050
time [yr]

Fig. 1. Variations of semimajor axis, calculations of K. Popov (dotted curve), calculations
based on the results of the presented work (solid curve), observational data (dots)
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Fig. 2. Variations of eccentricity (see also Fig. 1)
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Fig. 3. Variations of mean anomaly (see also Fig. 1)

included a part of the longperiodical terms. The same thing is observed in the
diagram describing the variation of eccentricity (see Fig. 2).

Because the variations of mean anomaly are very fast (M ~ t), the varia-
tions of the quantity M — n/(t — tg) are shown in Fig. 3 where n’ = 62°/yr.

It is seen that the variations of inclination and longitude of ascending node
determined by Kiril Popov (see Figs. 4, 5, dotted curve) are disparated with
the observational data (dots). That is because he included only the terms up
to the second order in the equations of inclination.

Including the terms up to the fourth order in the Taylor series in the
equations for « and the introduction of the quantity é explain more accurate
determination of Hecuba’s argument of pericenter by Kiril Popov (see Fig. 6,
dotted curve). But it is obviously that our calculations (solid curve) are more
precise.
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Fig. 4. Variations of inclination (see also Fig. 1)
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Fig. 5. Variations of longitude of ascending node (see also Fig. 1)

Conclusions

The accuracy of determining Hecuba’s orbital elements is increased with in-
cluding the terms up to the fourth order. The assumption that Jupiter’s orbital
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Fig. 6. Variations of argument of pericenter (see also Fig. 1)

elements are constant and excluding the shortperiodical terms in the second
approximation do not allow to obtain better accuracy.

Kiril Popov predicted Hecuba’s orbital elements satisfactorily for a period

about 20-30 years. Our model determines them with better accuracy for a
period about 150 years. In addition our computations predict that Hecuba’s
inclination will raise after 2031. Future observations may confirm this.
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