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Key parameters in chemical evolution:

Lifetimes of stars (as a function of mass)

Mass distribution of stars at their birth

Star formation rate

Element production of stars

Ejection mechanisms

Mixing with interstellar gas

Interaction with environment (gas inflow/outflow)
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more elaborate descriptions in, e.g.:
Pagel: Nucleosynthesis and Chemical Evolution of Galaxies, Cambridge Univ. Press
Tinsley: Fundamentals of Cosmic Physics, Vol. 5, 1980
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see: Pagel (1993) Instituto Astrofisica di Canarias Winter School
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3.1 Production and Emission of the Elements

Stars with M ≥ 10M� dominate element production.

Stages of nuclear burning for a star with 25 M�:

Stages of nuclear burning Temperature ([109K]) Duration Main Products
hydrogen burning 0.06 7 · 106 yr He
helium burning 0.23 5 · 105 yr C (O, Ne, Mg, Si)
carbon burning 0.93 600 yr Na, Ne, Mg
neon burning 1.70 1 yr Mg, Si
oxygen burning 2.30 6m S, P, Si, Mg
silicon burning 4.10 1 d iron peak elements
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Elements heavier than iron:

Since iron has the highest nuclear binding energy, elements heavier than iron can only
be produced with energy input. Three processes exist:

s-process: slow capture of n relative to β-decay

r-process: rapid capture of n relative to β-decay

p-process: (γ, n) photodisintegration

The r- and s-processes yield neutron-rich elements, the p-process proton-rich ele-
ments. The p-process is not as well understood as the r- and s-processes.

s-process contributions come mostly from giants, r-process elements from SN explo-
sions.
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see: K. Oberhummer: Kerne und Sterne, J.H.Barth, Leipzig 1993
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Place of Production Elements Mechanism of Emission into the ISM

CNO-shell-burning of H in red giants:
1M� < M∗ < 2M�

14N, He
s-process-elements
timescale ≥ 109yrs

convective transport to the star surface,
injection into the wind,
14N secondary, not in the first generation

incomplete He-burning (3α→ C)
in AGB stars:
2M� ≤M∗ ≤ (3− 4)M�

12C, O, He, s-process, little N
timescale ∼ 107yrs

during thermal pulses in AGB phase,
mixing and outward transport of C,
emission (C-stars, LBVs, Miras→ PN)

SN II
burning of heavier elements
10M� ≤M∗ ≤ 40M�

O, Ne, Mg, Si, S, Ca, r-
process,
little Fe (∼ 0.1M�)
timescale ∼ 107yrs

C-, O-, Ne-, Si-burning in shells,
He, C, Ne, N partially by wind,
majority by SN II -explosion

SN Ia
CO-white dwarfs in binaries
accrete 10−7M�/yr from giant;
or: merging of two white dwarfs (less
likely)

mostly Fe-group (≤ 1M�)
little Mg, Si, S, Ar, Ca
timescale ' 108yrs

transformation of accreted H, He into C, O by H-,
He-flashes
having reached the Chandrasekhar limit (1.4M�):
initiation of C-burning in core→
outward expansion of subsonic burn-zone→
destruction of WD by SN-explosion
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SN Ia Element Production:

Timescale for SNIa: about 108yrs after formation

see: Pagel (1993) IAC Winter School
see: Matteucci (1991) ASP Conf. 20, 539
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SN II Element Production:

see: Pagel (1993) IAC Winter School
see: Matteucci (1991) ASP Conf. 20, 539
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Metallicity Dependence of Winds and SNII Explosions:

see: Maeder (1992) A&A, 264, 105
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see: Maeder (1992) A&A, 264, 105
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important:
element-production depends on initial
metallicity

see: Maeder (1992) A&A, 264, 105
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3.2 Initial Mass Function (IMF)

IMF = distribution of stellar masses at their time of birth. Definition:

Φ(m) = number of stars formed per mass interval [m,m + dm] and per total mass of
formed stars (Unit = 1/mass2)

mΦ(m) = mass of stars per mass interval and per total mass
mΦ(m)dm = mass of stars within mass interval and per total mass

resulting normalization: ∫
mΦ(m)dm = 1
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Observational determination of IMF:

from the solar neighborhood using star counts and taking into account the lifetime
of stars; requires assumptions concerning the star formation history in the solar
neighborhood: low-mass stars (M < 1M�) have not disappeared since their cre-
ation, while O- and B-stars disappear within 107 yrs

from star counts in star forming regions with infrared photometry (dust extinction
smaller in IR)

Note: it is unclear if the IMF is bimodal, i.e. whether high-mass and low-mass stars
form in separate regions, or, whether they form in the same region at different times.
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Common analytical approximations:

Salpeter-IMF: (ApJ 121, 161 (1955))

0.1 ≤ m
M�
≤ 100: Φ(m) ' 0.17m−2.35

Miller-Scalo-IMF: (see also figure)

Φ(m) = mass-fraction
0.1 ≤ m

M�
≤ 0.5 0.93m−0.85 0.31

0.5 ≤ m
M�
≤ 1.0 0.46m−1.85 0.31

1.0 ≤ m
M�
≤ 3.16 0.46m−3.4 0.26

3.16 ≤ m
M�
≤ 100 0.21m−0.27 0.12
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see: Pagel: Nucleosynthesis and Chemical Evolution of Galaxies, Cambridge
University Press 1997
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3.3 Star Formation Rate

Ψ = total mass of stars formed per unit time and unit volume

for solar neighborhood: Ψ
′
� ' 3 M�

pc2Gyrs

⇒ Ψ(t) · Φ(m) = number of stars formed per unit mass, per unit time and per unit
volume
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3.4 Basic Chemical Evolution Model

see: Tinsley 1980 and corrections by Maeder 1992

conservation laws:

(1) M = Ms + Mg


M = total mass
Ms = mass in stars
Mg = mass in gas

(2) dM
dt = f − e

{
f = rate of infalling gas
e = rate of ejected gas

(3) dMs
dt = Ψ− E

{
Ψ = star formation rate
E = gas ejection rate of all stars

(4) dMg

dt = −Ψ + E + f − e

Galaxies, Cosmology and Dark Matter Summer 2000



CHAPTER 3. CHEMICAL EVOLUTION Page 82

gas ejection rate of all stars:

(5) E(t) =
∞∫
mt

[m− wm]Ψt−τ(m)Φ(m)dm

mt: turnoff mass at time t = lowest mass of stars dying at time t
m− wm: ejected mass
Ψt−τ(m)Φ(m): birth rate at t− τ (m) = death rate at time t,

stars of different generations are involved
τ (m): main-sequence lifetime at mass m

Remnant mass
{
wm = 0.11m + 0.45M� (m < 6.8M�)
wm = 1.5M� (m ≥ 6.8M�)

N.B.: only assumption: mass loss at the end in negligible time
(wrong only for ∆t < 106 because of O-star winds)
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evolution of the abundance Z (relative mass fraction) for one or more metals:

(6) d(ZMg)
dt = −ZΨ + EZ + Zf · f − Ze

EZ: ejection rate of metals from stars, SNe etc.
Zf · f : infalling metals per time
ZMg: mass of metals in the gas

ejection rate of metals

(7) EZ(t) =
∞∫
mt

[(m− wm)Zt−τ(m) + mpZm]Ψt−τ(m)Φ(m)dm

(m− wm)Zt−τ(m): mass of metals that at time t− τ (m) were locked in a star
of mass m and are now ejected with the envelope at time t;
often also written as (m− wm −mpZm)Zt−τ(m) (see Tinsley 1980)

mpZm: new metals produced by a star of mass m which originally
formed from gas with metallicity Z
Note: for some elements (e.g. Li) pZm < 0
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Important assumption in equation (6) and (7):

Instantaneous mixing of produced metals with ISM

returned mass per mass of stars formed

(8) R =
∞∫
m1

(m− wm)Φ(m)dm

equation (8) is independent of Ψ and is valid for one (!) generation of stars.

Example:
Let us assume that stars with total mass M were formed 1010 yrs ago.
Then, today m1 = M�, the mass of the remnants is (1−R)M and
the returned gas mass is RM .
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Yield (mass of produced metals per remnant mass)

(9) y = 1
1−R

∞∫
m1

mpZmΦ(m)dm

yield y : mass of newly produced metals by a populations of stars which after their
deaths have a sum of remnant masses of 1M�.
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3.5 Solution of the Chemical Evolution Equations

Evaluation by numerical methods: Different timescales for winds, PN, SNII and
SNI lead to time-dependent element abundances. In the beginning enrichment by
winds and SNII, after ∼ 108 yrs enrichment also by SNI.
⇒ Oldest stars in the galaxy have lower Fe-fraction (SNI) than younger stars and
the sun.

For simplified approximations the Instantaneous Recycling Approximation
(I.R.A.) is used, i.e. it is assumed that the newly produced elements will be in-
stantaneously returned to and uniformly mixed with the ISM.
This assumption is only valid, if the SFR for light elements (O, C, N, Mg, . . . created
by SNII-explosions) is nearly constant over a timescale of 107 yrs.
As far as heavier elements (Fe, created by SNI) are concerned, the SFR must not
change on timescales of 108..9 yrs.
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Element Abundances in Solar Neighborhood:

see: Wheeler et al. (1989) ARAA 27

[Fe/O]= logarithmic ratio
between mass of Fe and
mass of O normalized to
sun:

= log
ρFe/ρFe�
ρO/ρO�
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see: Wheeler et al. (1989) ARAA 27
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Element Abundances of the Sun: Typical for Galactic Disk Stars:

see: Unsöld/Baschek
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3.5.1 Instantaneous Recycling Approximation

Ψ(t− τm) ' Ψ(t) and homogeneous mixing of the gas.

using R and y:

(5)→ (5′) : E(t) = RΨ(t)1

(7)→ (7′) : EZ(t) = RZ(t)Ψ(t) + (1−R)y(t)Ψ(t)1

inserting (7′) in (6):

d(ZMg)

dt
= −ZΨ + RZ(t)Ψ(t) + (1−R)y(t)Ψ(t) + Zf · f − Ze

(6)→ (6′) :
d(ZMg)

dt
= (1−R)(−Z + y)Ψ + Zf · f − Ze

1if IMF timedependent: R = R(t)
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inserting (5′) in (3):

(A)
dMs

dt
= (1−R)Ψ(t)

inserting (5′) in (4):

(B)
dMg

dt
= −(1−R)Ψ(t) + f − e

inserting (B) in (6′):

(C) Mg
dZ

dt
= (1−R)y(t)Ψ(t) + (Zf − Z)f + eZ

(A), (B), (C) are the equations governing chemical evolution in the I.R.A.
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3.5.2 Closed-Box Model

Closed-box model: simple example of chemical evolution

→ Assume a closed box containing only gas with metallicity Z = 0 and no stars.

Problem: Calculate the metallicity of the gas and the stars at any time after the onset
of star formation (assuming I.R.A.).

With f = e = 0, Mg(t = 0) = M , Ms(t = 0) = 0 (= closed-box model):

(B) → dMg

dt = −(1−R)Ψ(t)

(C) →Mg
dZ
dt = (1−R)y(t)Ψ(t)

and (B)/(C) yields:
1

Mg

dMg

dZ
= −1

y
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lnMg

∣∣∣∣Mg(t)

M

=

Z(t)∫
0

−dZ
y
' −Z

ȳ

(for some elements the ‘'’ this is a strong simplification)

Thus the metallicity of the gas becomes:

Z(t) = ȳ ln
Mg(t = 0)

Mg(t)
(3.1)

Important:

The above formula is only valid for Z � 1 or Mg(t)

M > 0.

For Mg(t)→ 0, y → 0 and
Z∫
0

−dZ
y cannot be approximated by −Z

ȳ .

Z(t) depends only on Mg(t)

M and thus not explicitely on t. If Mg

M is known, Z can be
determined.
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Example:

For Z < 0.05 and Salpeter IMF: ȳ ' 0.01...0.02 (by chance Z� ' 0.02)
solar metallicity is reached for:

Z� = Z� ln
M

Mg(t)
→ Mg(t) = 0.37M

For a simple estimate one can use:

Z

Z�
' ln

M

Mg(t)
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What is the metallicity of the stars?

Assuming a closed-box model, the stars and the gas together must contain all ele-
ments ever produced. Therefore:

ZsMs︸ ︷︷ ︸
1

+ZMg︸︷︷︸
2

=

t∫
0

∞∫
0

mpZmΨ(t′) Φ(m) dmdt′

︸ ︷︷ ︸
3

=

t∫
0

(1−R)yΨ dt ' (1−R) ȳ Ψ̄︸︷︷︸
4

t

1: average metallicity of stars (without metals locked in remnants)
2: metallicity of gas
3: mass of all metals ejected into ISM
4: averaged values with assumption: yΨ ' ȳ Ψ̄

Therefore:

ZsMs + ZMg = (1−R) ȳ Ψ̄ t
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Integrating (A) dMs
dt = (1−R)Ψ(t) leads to

Ms = (1−R) Ψ̄ t

Combined with former equation yields:

ZsMs ' ȳ Ms − ZMg (Closed-box model)

Therefore at the end, when Mg �Ms:

Mg �Ms =⇒ Zs ' ȳ

i.e., the average metallicity of the stars cannot be larger than the average yield!
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